In this paper, we shall establish some extended trapezoid-type
Introduction
Throughout in this paper, let a < b in R. The inequality
which holds for all convex (concave) functions f : [a, b] → R, is known in the literature as Hermite-Hadamard inequality [7] . For some results which generalize, improve, and extend the inequality (1.1), see [1] - [6] and [8] - [15] .
In [11] , Tseng et al. established the following Hermite-Hadamard-type inequality which refines the first inequality of (1.1).
A. Theorem. Suppose that f : [ 
Using the similar proof of Theorem A, we also note that the inequalities in (1.2) are reversed when f is concave on [a, b] .
In [4] , Dragomir and Agarwal established the following results connected with the second inequality in the inequality (1.1).
B. Theorem. Let f : [a, b] → R be a differentiable function on (a, b) with a < b. If |f | is convex on [a, b] , then we have
which is the trapezoid inequality provided |f | is convex on Then we have
which are the trapezoid inequality and the midpoint inequality provided |f | q is concave on [a, b], respectively.
In [1] , Alomari and Darus established the following Ostrowski-type inequalities.
G. Theorem. Under the assumptions of Theorem B. Then, for all x ∈ [a, b] , we have
f (a) (1.9)
and y = αa + (1 − α) b in the identities (2.1) − (2.11) . Then we have the identities
and (2.14)
2.3. Remark. In Theorem 2.4, Let x = c = y in the identities (2.1) − (2.6) and (2.11) . Then we have the identities
Now, we are ready to state and prove the main results.
) be defined as above and let q, f be defined as in Theorem D. Then we have the following extended trapezoid-type inequalities.
(1) The following inequality holds:
(2) As a < c < b, we have the inequality
which refines the inequality (2.15) .
Proof. Using the integration by parts and simple computation, we have the following identity:
(1) Now, using Hölder's inequality, the convexity of |f | q and Lemma 2.1, we have the
The inequality (2.15) follows from the identity (2.17) and the inequality (2.18) .
we have the inequalities
The inequality (2.16) follows from the identities (2.11) , (2.17) and the inequalities (2.19)− (2.20) . This completes the proof.
Under the conditions of Theorem 2.4, Remark 2.2 and the identities (2.11) , (2.1) − (2.6), we have the following corollaries and remarks.
and y = αa + (1 − α) b. Then, using Theorem 2.4 and Remark 2.2, we have the trapezoid-type inequality
2.6. Remark. Let α = 0. Then, using Corollary 2.5 and Remark 2.2, we have I1 = and the trapezoid inequality and the midpoint inequality
which improves Theorem E.
. Then, using Corollary 2.5 and Remark 2.2, we have I1 = I2 = 1 32 and the inequality
which is the second inequality in ( 
as x = c = y and a < x < b.
. By simple computations,we obtain that k1 is strictly increasing on
The , using the above inequalities, Corollary 2.9 improves Theorem G as q = 1.
2.11. Theorem. Let a, b, x, c, y, P1, P2, Ii (i = 1, · · · , 4) , h (t) , h1 (t) (t ∈ [a, b]) be defined as above and let q, f be defined as in Theorem F. Then we have the following extended trapezoid-type inequalities.
which refines the inequality (2.21) .
Proof. We observe that |f | q is concave on [a, b] implies |f | = |f | q 1 q is also concave on [a, b] . Using the inequality (2.18) , the Jensen's integral inequality and Lemma 2.1, we have the following inequalities:
The inequality (2.21) follows from the identity (2.17) and the inequality (2.23) . Now, let a < c < b. Then we have the inequality
Using the inequality (2.18) , the convcavity of |f | q and Lemma 2.1, we have the
The inequality (2.22) follows from the identity (2.17) and the inequalities (2.24) − (2.25) . This completes the proof.
Under the conditions of Theorem 2.11 nad Remark 2.2, we have the following corollaries and remarks. and y = αa + (1 − α) b. Then, using Theorem 2.11 and Remark 2.2, we have the trapezoid-type inequality
2.13. Remark. Let α = 0. Then, using Corollary 2.12 and Remark 2.2, we have I1 = and the trapezoid inequality
which refines the inequality (1.7) . and the midpoint inequality
which refines the inequality (1.8) .
2.15. Remark. Let α = . Then, using Corollary 2.12 and Remark 2.2, we have I1 = I2 = 1 32 and the inequality
which is the second inequality in (1. 
2.17. Remark. Using the fact that 2 ≥ 2 1 q as q ≥ 1, Corollary 3.3 improves Theorem H.
Applications for Special Means
In the literature, let us recall the following special means:
(1) The weighted arithmetic mean
(2) The unweighted arithmetic mean
(3) The harmonic mean
(4) The identric mean
The logarithmic mean
(6) The p-logarithmic mean 
3.2. Corollary. Let α = 0 and in the inequality (3.1) . Then, using the HermiteHadamard inequality (1.1), we have the following Hermite-Hadamard-type inequalities.
and in the inequality (3.1) . Then, using the HermiteHadamard inequality (1.1), we have the following Hermite-Hadamard-type inequalities.
in the inequality (3.1) . Then, using the inequality (1.2), we have the Hermite-Hadamard-type inequalities.
3.5. Proposition. In Corollary 2.12 and Corollary 2.16, let s ∈ 1, 1 +
Then we have the following trapezoidtype and Ostrowski-type inequalities.
.
3.6. Corollary. Let α = 0 and in the inequality (3.2) . Then, using the HermiteHadamard inequality (1.1), we have the Hermite-Hadamard-type inequality
in the inequality (3.2) . Then, using the Hermite-Hadamard inequality (1.1), we have the Hermite-Hadamard-type inequality a, b) .
in the inequality (3.2) . Then, using the inequality (1.2), we have the Hermite-Hadamard-type inequality
3.9. Proposition. In Corollary 2.5 and Corollary 2.9,
Then we have the following trapezoid-type and Ostrowski-type inequalities.
As x = c = y,
As x = c = y and a < x < b,
3.10. Corollary. Let α = 0 and in the inequality (3.3) . Then, using the HermiteHadamard inequality (1.1), we have the Hermite-Hadamard-type inequality
in the inequality (3.3) . Then, using the Hermite-Hadamard inequality (1.1), we have the Hermite-Hadamard-type inequality
3.12. Corollary. Let α = 1 4 in the inequality (3.3) . Then, using the inequality (1.2), we have the Hermite-Hadamard-type inequality
3.13. Proposition. In Corollary 2.5 and Corollary 2.9, let q ≥ 1, 0 < a ≤ x ≤ c ≤ y ≤ b and let f (t) = ln t on [a, b] . Then we have the following trapezoid-type and Ostrowski-type inequalities.
3.14. Corollary. Let α = 0 and in the inequality (3.4) . Then, using the HermiteHadamard inequality (1.1), we have the Hermite-Hadamard-type inequality
in the inequality (3.3) . Then, using the inequality (1.2), we have the Hermite-Hadamard-type inequality
Applications for the extended Trapezoid Quadrature Formula
Throughout in this section, let 0
and
As ti < xi < ti+1,
Define the extended Trapezoid quadrature formula
and the remainder term R (f, Ln, ξ i , ζ i ) denotes the associated approximation error of b a f (t)dt by T (f, Ln, ξ, ζ). Now, we have the following special formulae.
(1) The trapezoid formula
where ξ i = ti and ζ i = ti+1 (i = 0, 1, · · · , n − 1) . (2) The midpoint formula f (t)dt, T (f, Ln, ξ, ζ) and R (f, Ln, ξ, ζ) be defined as in the identity (4.1) . Then, the remainder term R (f, Ln, ξ, ζ) satisfies the following estimates. for all i = 0, 1, · · · , n − 1. The inequalities (4.6) and (4.7) follow from the inequalities (4.10) − (4.10) and the generalized triangle inequality.
This completes the proof.
